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Abstract 

In this paper, we investigate some results on general-ε  orthogonality in normed 
spaces similar to ity.orthogonal-ε  In this paper we shall show that general-ε  
orthogonality and ityorthogonal-ε  has coincided, and with this new results, we 
obtain some new results on best-ε   approximation.  

1. Introduction 

Let B be a normed space. In a normed linear space, we used to 
consider ity.orthogonal-∈  The purpose of this paper is to obtain a new 
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concept of ityorthogonal-ε  and this concept have very application in 
approximation theory (see [1-7]). In [5], we have for a normed space B, if 

Byx ∈,  and x,0>ε  is said to be orthogonal-ε  to y and is denoted by 

yx BG
ε⊥  if and only if ε+α+≤ yxx  for any scaler .α  Also, if G is a 

linear subspace of a normed linear space GXxX \, ∈  and .0 Gg ∈  

Then 0g  is a best-ε  approximation of x if and only if 0gx −  

( ) ε+≤ Gxdist ,  or equivalence ggx BG
ε⊥− 0  for all .Gg ∈  

At first we state the following lemma which is needed in the proof of 
the main results. 

Lemma 1.1 ([6]). Let B be a normed linear space, G is a linear 
subspace of GBxB \, ∈  and Gg ∈0  and .0>ε  Then the following 

two conditions are equivalent: 

(1) 0g  is a best-ε  approximation of x. 

(2) There exists a linear functional Λ  on X such that, ( −Λ=Λ x,1  

) ( ) ε+≤ Gxdistg ,0  and ( ) 0=Λ y  for all .Gy ∈   

In this note, we shall consider general-ε  orthogonality in the Banach 
spaces. 

Definition 1.2. Let B be a real Banach space, Byx ∈,  and .0>ε  

Then, we say that yx G
ε⊥  if there exists a unique ∗∈φ Bx  such that 

( ) xxxx xx =φε−≥φ ,2  and ( ) .0=φ y  

2. Main Results 

In this section we state and prove some characterizations of the 
general-ε  orthogonality and ityorthogonal-ε  in normed spaces. 

Lemma 2.1. Let B be a normed linear space, Xyx ∈,  and .0>ε  

Then the following statements are true: 

1) .yx BG
ε⊥  
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2) there exists ∗∈Λ B  such that ( ) ε−≥Λ=Λ xx,1  and 

( ) .0=Λ y  

Proof. If yx BG
∈⊥  then 0 is a best-ε  approximation of x in subspace 

.>< y  From Lemma 1.1, we have there exists a linear functional Λ  on 
X such that, ( ) ( ) ε+≤Λ=Λ Gxdistx ,,1  and ( ) .0=Λ y  

If there exists a linear functional Λ  on X such that, ( ) ≤Λ=Λ x,1  

( ) ε+Gxdist ,  and ( ) .0=Λ y  Then 

( ) .ε+α+=ε+α+Λ≤∈+Λ≤ yxyxxx   

In the following theorem, we show that general-ε  orthogonality and 

ityorthogonal-ε  has coincided. 

Theorem 2.2. Let B be a normed linear space, Xyx ∈,  and .0>ε  

Then the following statements are true: 

1) .yx GΒ
ε⊥  

2) .yx G
ε⊥  

Proof. Suppose ,yx BG
ε⊥  from Lemma 2.1, then there exists 

∗∈Λ B such that ( ) ε−≥Λ=Λ xx,1  and ( ) .0=Λ y  Consider =Λ′  

,Λx  then Λ′  is a linear functional on ( ) 2,, xxxB ≥Λ′=Λ′  

xε−  and ( ) .0=Λ′ y  It follows that .yx G
ε⊥  

If ,yx G
ε⊥  then there exists ∗∈Λ B  such that ( ) ≥Λ=Λ xx ,  

xx ε−2  and ( ) .0=Λ y  Consider ,x
Λ=Λ′  then Λ′  is a linear 

functional on ( ) ε−≥Λ′=Λ′ xxB ,1,  and ( ) .0=Λ′ y  From Lemma 

2.1, It follows that .yx BG
ε⊥  

Theorem 2.3. Let B be a normed linear space and .0>ε  Then the 

following statements are true: 
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1) For all Xyx ∈,  and ,yx G
ε⊥  then yx G

δ⊥  for every .ε≥δ  

2) For all Bx ∈  and x<ε<0  if ,xx G
ε⊥  then .0=x  

3) For all Byx ∈,  and x<ε<0  if yx G
ε⊥  and ,0≠x  then 

{ }.0=><>< yx ∩  

4) For all xXx G
ε⊥∈ 0,  and .0Gx ε⊥  

5) For all ,, Xyx ∈  if for every ,,0 yx G
ε⊥>ε  then .yxx α+≤  

Proof. (1). From Theorem 2.1 since yx G
ε⊥  we have ,yx BG

ε⊥  
therefore .ε+α+≤ yxx  If ,ε≥δ  then ,δ+α+≤ yxx  that is, 

yx BG
δ⊥  and .yx G

δ⊥  

(2). For all ,Bx ∈  if .xx G⊥  Then ( ) 0=φ xx  and ( ) 2xxx ≥φ  
,xε−  because ,0 x<ε<  we have .0=x  

(3). If ,><><∈ yxz ∩  then for scales .,, 2121 ycxczcc ==  
Hence, ( ) ,0=φ zx  it follows that ( ) .01 =φ xcx  If ,01 ≠c  it follows that 

( ) ,0=φ xx  

because x<ε<0  we have 0=x  and a counteraction. Then 01 =c  
and .0=z  

(4). Because ε+α+== x000  therefore xBG
ε⊥0  and .0 xG

ε⊥  

Also ε+α+≤ 0xx  therefore 0Gx Β
ε⊥  and .0Gx ε⊥  

(5). It is clear.                                                                                            

Theorem 2.4. Let B be a normed linear space, G a linear subspace of 

GBxB \, ∈  and GM ⊆  and .0>ε  Then the following two conditions 

are equivalent: 

1) { ( )}.,: 00 GxdistgxGgM =−∈⊆  
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2) There exists ∗∈φ Ba x  such that for every ,0 Mg ∈  we have  

( ) ,00
2

00 gxandgxgxgx xx −=φ−ε−−≥−φ  

and ( ) 0=φ y  for every .Gy ∈  

Proof. ) )21 ⇒  If { ( )},,: 00 GxdistgxGgM =−∈⊆  then 

{ ( ) }.,: 00 ε+≤−∈⊆ GxdistgxGgM  

Therefore for ,Mg ∈  we have ( ) ,, ε+≤− Gxdistgx  from Lemma 
1.1, it follows that there exists a linear functional Λ  on X such that, 

,1=Λ ( ) ( ) ε+≤−Λ Gxdistgx ,  and ( ) 0=Λ y  for all .Gy ∈  If Mg ∈′  
be a another element, from Lemma 1.1, it follows that ( ) Λ=′−Λ gx  
( ) ( ) ε+≤− Gxdistgx ,  and .gxgx −=′−=Λ  

) ).12 ⇒  It is trivial. 
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