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Abstract

In this paper, we investigate some results on g-general orthogonality in normed
spaces similar to g-orthogonality. In this paper we shall show that e-general
orthogonality and eg-orthogonality has coincided, and with this new results, we
obtain some new results on ¢-best approximation.

1. Introduction

Let B be a normed space. In a normed linear space, we used to

consider e-orthogonality. The purpose of this paper is to obtain a new
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concept of g-orthogonality and this concept have very application in

approximation theory (see [1-7]). In [5], we have for a normed space B, if

x,y € B and ¢ > 0, x is said to be g-orthogonal to y and is denoted by
x J_EG y if and only if || x || < |x + ay| + & for any scaler a. Also, if G is a

linear subspace of a normed linear space X, x € X \ G and 8o € G.
Then go is a e-best approximation of x if and only if |x - go

< dist(x, G) + € or equivalence x — g J_SBG g forall g € G.

At first we state the following lemma which is needed in the proof of
the main results.

Lemma 1.1 ([6]). Let B be a normed linear space, G is a linear
subspace of B, x € B\ G and 8o € G and € > 0. Then the following

two conditions are equivalent:

(1) gg is a e-best approximation of x.

(2) There exists a linear functional A on X such that, ||A| =1, A(x -
go) < dist(x, G)+¢ and A(y) =0 forall y € G.

In this note, we shall consider e-general orthogonality in the Banach
spaces.
Definition 1.2. Let B be a real Banach space, x, y € B and ¢ > 0.

Then, we say that x J_SG y if there exists a unique ¢, € B* such that

dx(x) 2 |2 [P =g x|, [ox] = | x| and o(y) = 0.
2. Main Results

In this section we state and prove some characterizations of the

g-general orthogonality and e-orthogonality in normed spaces.

Lemma 2.1. Let B be a normed linear space, x, y € X and & > 0.

Then the following statements are true:

1) x J_EBG y.
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2) there exists A e B® such that |A|=1 Alx)2|x|-¢ and
A(y) = 0.

Proof. If x J_fG y then 0 is a e-best approximation of x in subspace

<y >. From Lemma 1.1, we have there exists a linear functional A on
X such that, [A| =1, A(x) < dist(x, G)+ ¢ and A(y) = 0.

If there exists a linear functional A on X such that, ||A| =1, A(x) <
dist(x, G)+ ¢ and A(y) = 0. Then
x| < Alx)+ e < |A|x + ay|+e =[x+ ay|+e 0

In the following theorem, we show that e-general orthogonality and

g-orthogonality has coincided.

Theorem 2.2. Let B be a normed linear space, x, y € X and ¢ > 0.

Then the following statements are true:

1) x J_?G y.

2) x J_g y.

Proof. Suppose «x J_EBG y, from Lemma 2.1, then there exists
A € B*such that |A] =1, A(x) 2| x| -¢ and A(y) = 0. Consider A’ =
| x|A, then A’ is a linear functional on B, |A'| = x|, A'(x) > |« ||2
—¢| x| and A'(y) = 0. It follows that x 19y

If x L¢ y, then there exists A ¢ B* such that Al =] x|, Alx) =

[ x ||2 —¢|x| and A(y)=0. Consider A’ = A then A’ is a linear

Il
functional on B, [A'| =1, A'(x) > || x| -¢ and A’(y) = 0. From Lemma
2.1, It follows that x J_SBG .

Theorem 2.3. Let B be a normed linear space and ¢ > 0. Then the

following statements are true:
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1) Forall x, y e X and x J_g y, then x J_g y forevery § > e.
2) Forall x e Band 0 <¢ <| x| if x 1Y x, then x = 0.
8) Forall x,ye Band 0 <& <| x| if x J_g y and x # 0, then
<x>N<y>=1{0}.
4) Forall x € X, 0 ¢§ x and x J_g 0.

5) Forall x, y € X, if for every € > 0, x J_g y, then || x || < ||x + oy].

Proof. (1). From Theorem 2.1 since x J_g y we have «x J_SBG v,

therefore | x| <|x+oy|+e If 8§ >¢ then |x| <|x+ay|+3, that is,

ngG y and x ¢§ y.

(2). For all x € B, if x 1% x. Then ¢,(x)=0 and ¢,(x)> [ x ||2

—¢g| x|, because 0 < & < | x|, we have x = 0.

3). If ze<x>N<y> then for scales ¢, ¢y, z = c1x = c9y.
Hence, ¢,(z) = 0, it follows that ¢,(c;x) = 0. If ¢; = 0, it follows that
¢x(x) =0,

because 0 < & < | x| we have x =0 and a counteraction. Then ¢; = 0

and z = 0.

(4). Because 0 = [0] = |0 + ox||+ & therefore 0 152¢ x and 0 19 «.
Also | x| < |x + aO| + & therefore x 186 0 and x 1Y 0.
(5). It is clear. 0

Theorem 2.4. Let B be a normed linear space, G a linear subspace of

B,x e B\G and M c G and & > 0. Then the following two conditions

are equivalent:

1) M c {go € G :|x - gl = distlx, G)}.
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2) There exists a ¢, € B* such that for every gy € M, we have

bx(x ~ 80) 2 |x — gol* ~ ellx ~ goll and o] = x - gol.

and §(y) = 0 for every y € G.

Proof. 1) = 2) If M < {gg € G : |x — go| = dist(x, G)}, then

M c{gy G :|x - go| < dist(x, G)+ &}

Therefore for g € M, we have |x — g| < dist(x, G)+ ¢, from Lemma

1.1, it follows that there exists a linear functional A on X such that,
Al =1, A(x — g) < dist(x, G)+ ¢ and A(y)=0 forall yeG. If g'e M

be a another element, from Lemma 1.1, it follows that A(x —g') = A

(x — g) < dist(x, G)+ ¢ and |[A] = |x - g’ = |x - 2]

(1]

(2]

(3]

(4]

(5]

(6]

(7]

2) = 1). It is trivial.
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